Lecture 3. Vector spaces

Def (1 A vector space is a set endowed with well-defined oddition

and  scalar multiplication.

(2) An element of o vector space V is called o vector in

Note (1) IR" is a vector space.

* We will eventually learn that every vector spoce is essentially
equal fo IR’

() Tn most cases [and always n Math 313}, the oddition ond

scalar W\u\ﬁp\icaﬁon of a vector space are defined in an
obvious manner.
(3) TF the oddition and scolor multiplication are evidently defined
o vector space is a sef V with the Tollowing properties :
s 0eV (covxmmmg the zero vector)
v, veV = +v eV [cosed under oddition)
v ceR, VeV = v eV [closed under scalar multiplication )
4) A vector space cannot be an empty set as it contains at

least one element, namely the zero vector.



Ex Determine whether each set is a vector spoce.

(1) The set of all points on the lTne y=X in R

Sol '+ zero vector: (0,0) on the line y=x

¢ clogsed under addition :

w=(0,0) and V="(b,b) on the line Yy =X

= W+V = (oth, otb) on the line Yy=X

+ closed under scalar multiplication

vV =(0,a) on the line Y =X

= 7 =(co,co) on the line y=X Lor ony celR

Hence the set is

a vector gpoce

(2) The set oj% all Poivﬁrs on the line 5=><+2 n \P\l.

Sol The zero point (0,0) is not on the line y=x+2

Hence the set is

not o vector space

3) The set of all points (x,y) in R with Ay <L

Sol 9

The set is not closed under scolar

multiplication -

4 IV\ 3,
N

| 3

— X

v =_(1,0) saﬁs@gmg X +yr < |

3V =(3,0) not saﬁS\Cng x*+yr < |

Hence the set is

not o vector space

Note Tn general, every bounded set is not a vector space.




@) The set of all points (x,y) in R with x*=y?.

Sol T‘j Y=+x We have x*=y* & y=+x
| The set is not closed under addition
NV - =001 and ¥=01,1) on the set
W+V =(0,2) not on the set

Hence the set is [nof a vector spocel
(5) The set of all polynomials of degree 2.

Sol The zero polynomiol does not have degree 2.

Hence the set is ’noJr o vector space

Note Depending on the convention, the degree of the zero polynomial
con be 0 -00, or undefined. Tn Math 313, we take it o be o
(6) The set of all polynomiols of degree ot wost 2.
Sol + zero vector: the zero polynomiol of degree 0 <2
v closed under addition :
Py = Oot Ot +0at’ and ety = botbit+bat” in the set
= P+ 40 =(Qotbo) + (Atb )+ (atba) t in the set

v closed under scalar multiplication :

Pt) = Qo+ Ot + 0t in fhe sef

= CP(JC):CQ0+CQlJc+CQ1JcZ in the set for any celR

Hence the set is o vector space




(7 The set of all functions f:IR— IR which are continuous .
Sol '+ zero vector the zero function in the sef
% The zero function is the constant function which returns ©

tor any input value |

+ closed under addition
f:R—R and g:R— R continuous
= f+9 continuous

v closed under scalar multiplication
f:R— IR continuous

= ¢f continuous ftor any Ce€lR

Hence the set is |a vector space

8) The set of all functions £:R—IR which are continuous ot x=1.
Sol '+ zero vector: fhe zero function in the set
+ closed under oddition :
f:R—R and g:R— R continuous ot x =1
= f+9 confinuous at x=1|
v closed under scalar multiplication -
f:R— IR continuous of x=1|

= ¢f continuous ot x =1 tor ony celR

Hence the set is |a vector spoace




